Abstract. We compute Ä ¾ -Betti numbers of postliminal, locally compact, unimodular groups in terms of ordinary dimensions of reduced cohomology with coefficients in irreducible unitary representations and the Plancherel measure. This allows us to compute the Ä ¾ -Betti numbers for semi-simple Lie groups with finite center, simple algebraic groups over local fields, and automorphism groups of locally finite trees acting transitively on the boundary.
Introduction
Ä ¾ -Betti numbers are powerful numerical invariants attached to discrete groups, and have been the subject of intense investigation (see e.g. [1, 9, 21] ). For a countable discrete group the Ä ¾ -Betti numbers ¬ Ò ¾µ´ µ are computed as the (extended) von Neumann dimension of the right-Ä -modules À Ò´ ¾ µ. The framework for Ä ¾ -Betti numbers set up in [21] was extended by the first author [26] to cover locally compact, unimodular, second countable (henceforth abbreviated 'lcus') groups; it was also established that whenever such a group is totally disconnected and/or admits a cocompact lattice, then for any lattice in and all Ò ¼,
¬ Ò ¾µ´ µ ÓÚÓÐ´ µ ¡ ¬ Ò ¾µ´ µ
This result was extended in [18, Theorem B] to cover any lattice in any lcus group. In this article we show that whenever the locally compact group has a Plancherel measure on the unitary dual, the Ä ¾ -Betti numbers can be expressed explicitly in terms of this.
Recall [11, 13.9.4 Recall that a unitary irreducible representation of is square-integrable if it appears as a sub-representation of the regular representation of on Ä ¾´ µ. The set of (equivalence classes of) square-integrable representations is called the discrete series of and is denoted by . Recall that is exactly the atomic part of the Plancherel measure , and that for a discrete series representation , the measure ´ µ is the formal dimension of , see [11, Proposition 18.8.5] .
In case admits a discrete series of square-integrable irreducible representations, we can refine the argument of Theorem 1 slightly by proving that, for square-integrable irreducible representations , the equality Ñ À Ò´ À µ Ñ À Ò´ À µ holds; as we mentioned earlier, this implies that if Ñ À Ò´ À µ is finite, then À Ò´ À µ is reduced £ . So Theorem 1 implies the following: Theorem 2. Let be a plcus group.
A sufficient condition for finiteness of ¬ Ò ¾µ´ µ, is that contains a lattice with ¬ Ò ¾µ´ µ ½ (this holds e.g. if admits a classifying space with finite Ò-skeleton). Also, ¬ 1 ¾µ´ µ ½ as soon as is compactly generated, see Proposition 4.6 of [18] .
From Corollary E of [18] , we immediately get:
Corollary 3. Let be a plcus group. If admits a non-compact, closed, normal, amenable subgroup then À Ò´ À µ ¼ for almost every ¾ . In particular, admits no square integrable irreducible unitary representations with non-zero cohomology.
This applies in particular to unimodular, real algebraic groups with non-compact radical (these are plcus, by a result of Dixmier [10] ), and to reductive Ô-adic algebraic groups with non-compact center (those are plcus, by a result of Bernstein [4] ).
Theorem 2 allows us to compute the Ä ¾ -Betti numbers of semi-simple Lie groups with finite center (Corollary 11), simple algebraic groups over local fields (Corollary13), and automorphism groups of locally finite trees acting transitively on the boundary (Corollary 14). 
For any right-Ä -module , in the algebraic sense that we require just to be a module over the ring Ä with no assumptions involving the topology on Ä , there is a notion of Ä -dimension Ñ´Ä µ which in particular extends the von Neumann dimension when is a closed invariant subspace of ¾´AE µ ªÄ ¾ . For details on the dimension function, which is a semi-finite generalization of the dimension function defined by Lück [19, 20] , we refer to [26, Appendix B] or for a streamlined approach to [18, Appendix A].
In particular, the right-Ä -module structure on Ä ¾ induces naturally a right-Ä -module structure on À Ò´ Ä ¾ µ for all Ò and the Ä ¾ -Betti numbers of are defined [26] by
This coincides with previous definitions [9, 21] in the case where is countable discrete. We remark also that the ¬ Ò ¾µ´ µ depend, through the dimension function, on the choice of scaling of the Haar measure on , though we generally suppress this in the notation.
As we noted above the cohomologies À Ò´ Ä ¾ µ need not be Hausdorff in general -in fact for Ò ½ and non-compact, the cohomology is Hausdorff if and only if is non-amenable -and we will consider in general also the reduced Ä ¾ -cohomology, denoted À Ò´ µ, which is by definition the (maximal) Hausdorff quotient of À Ò´ µ for any complete, locally convex topological vector space . It is a key result of [18] that in fact
We refer to [11, Chapter 18] for background on the disintegration theory for the regular representation of plcus groups. The following lemma, describing how to compute the Ä -dimensions of certain invariant subspaces of Ä ¾ , follows directly from [11, theorem 18 
where the coboundary maps Ò Ñµ are the usual ones, acting pointwise on the Ä ¾´ÃÒ Ñµ À µ. Observe that the pointwise operator norm of the coboundary maps depend only on the measure of the Ã Ò Ñµ and the degree Ò whence the direct integrals Ò Ñµ are well-defined for all Ñ.
The projective limits are separable, complete metrizable spaces, and it is clear that if we choosé µ Ö Ò £µ to have dense linear span, then these correspond to measurable sections Ä ¾ ÐÓ´ Ò À µ consisting of cocycles pointwise almost everywhere.
To arrange these as claimed in the statement, observe that for every the reduced cohomology À Ò´ À µ is in natural duality with the continuous homology À Ò´ À µ, induced by a duality with the space of cycles, and that this separates points on À Ò´ À µ. Hence we may proceed as above to obtain countably many measurable cross sections of cycles that a.e. span the homologies densely. Then it is obvious how to proceed. In particular this proves that the function Since ª ª could be chosen increasing to ª (in measure), the same holds with ª in place of ª. This proves that ÄÀË ÊÀË in Theorem 2.
We turn now to the opposite inequality. All notations and every choice made previously remain in force, in particular we keep ª « as before. Clearly it is sufficient to show that, for ª increasing to ª , the opposite inequality holds in (1 We retain the notation following Lemma 7 and claim that, just as in that lemma we have an embedding of right-Ä -modules (with ª denoting algebraic tensor product):
À Ò´ À µ ª À À Ò´ À ªÀ µ Indeed, given any « ¾ Ò´ À µ and any ¾ À we claim that «´¡µ ª ¼ ¾ À Ò´ À ªÀ µ if and only if « is a coboundary, and this is clear by exactly the same proof as in the lemma: the 'if' part is trivial, and to see the 'only if' part, suppose that there is an È ª such that «´¡µ ª (note that it is clear a priori that ¾ À ª ). Then it is clear that «´¡µ ´È µ, which proves the claim.
As before we then choose a sequence´« µ ¾Á of representatives of cocycles, which are linearly inde- We observe that, by Remark 2.9 in [7] , in the second case there exists discrete series with trivial infinitesimal character, so ¬ Ò ¾µ´ µ ¼.
Proof. By a celebrated result of Borel [5] , the group admits a torsion-free co-compact lattice , and ¬ Ò ¾µ´ µ ÓÚÓÐ´ µ¬ Ò ¾µ´ µ. Simple algebraic groups over local fields. Let Ã be a non-Archimedean local field with residue field , and let be a simple algebraic group defined over Ã. We shall consider the group ´Ãµ of Ã-points of . Let be the Bruhat-Tits building of ; set Ñ´ µ, so that is the Ã-rank of .
Let ËØ be the Steinberg module of , i.e. the representation of on the Ä ¾ -cohomology À ´¾µ´ µ. It follows from 4.10 and 6.2 in [6] (see also Theorem 6.2 in [13] ), that ËØ is an irreducible representation of , hence ËØ ¾ .
Corollary 13. With notations as above, assume that the residue field is large enough (i.e.
Proof. We appeal to a series of results of Dymara-Januszkiewicz [13] . Assume first Ò . Taking into account Proposition 1.7 of [13] (which deals with the assumption that is large enough), we may appeal to Theorem E of [13] : for Ò , we have À Ò´ µ ¼ for every unitary representation of , in particular for the regular representation on Ä ¾´ µ. Now assume that Ò . By Corollary I in [13] , À ´ Ä ¾´ µµ identifies as a -module with À ´¾µ´ µ, which is just ËØ by the remarks preceding the Corollary.
£
Remark. If Haar measure of is normalized in such a way that the stabilizer in of a chamber in has measure 1, then there is an explicit formula for ´ËØµ in terms of the generating function of the affine Weyl group of , see Theorem 3.1 in [14] .
Groups acting on trees. Let be a locally finite tree. We will deal with the class of groups considered in [16, 24] , namely closed, non-compact subgroups of ÙØ´ µ that act transitively on the boundary . By Proposition 10.2 in Chapter I of [16] , the group has at most two orbits on vertices of , i.e.
is regular or bi-regular. If has only one orbit on vertices, then has an open subgroup of index 2 that has two orbits, so we will restrict to that case, and assume that is thé µ-bi-regular tree (with the proviso that, if
, then preserves a bi-partition of ). Since acts transitively on edges, we normalize Haar measure so that edge stabilizers have measure 1. Proposition 14. ¬ 1 ¾µ´ µ and ¬ Ò ¾µ´ µ ¼ for Ò ½.
Proof. It is known (see e.g. Theorem 4.7 in [3] ) that contains a cocompact lattice which is a free group, say ³ Ò . Let Ò ´Î µ be the quotient graph; this is a bipartite graph with fundamental group , we denote by Î (resp. Î ) the set of vertices of degree (resp. degree ). For in our class of groups, the dual was described by Ol'shanskii [24] (see also Chapter III in [16] ). However it is still an open question whether is postliminal Þ . Nevertheless Ol'shanskii's description allowed Nebbia [22] to prove that there exists a unique representation ¾ with Ñ À ½´ µ ½, while À ½´ µ ¼ for all ¾ Ò ; it turns out that lies in the discrete series of . Combining Nebbia's result with Proposition 14 and our main result, we can compute the formal dimension of : Þ This is however known either if ÙØ´ µ (see [23] ) or if is a rank 1 simple algebraic group over a non-archimedean field (see [4] ). 
When is the -regular tree and has two orbits on vertices, we recover the formula ´ µ ¾ from the Remark following Theorem 2.6 in Chapter III of [16] .
